Experimental observations have shown that the transition characteristics of the boundary-layer flow over rotating cones depends on the cone half-angle. In particular, pairs of counter-rotating Görtler-type vortices are observed over cones with slender half-angles and co-rotating vortices are observed over broad cones. Garrett et al (2009 J. Fluid Mech. 622 209-32) have hypothesized the existence of a centrifugal instability mode over slender cones that is more dangerous than the types I (crossflow) and II (streamline curvature) modes which dominate over rotating disks and broad cones. Work is currently underway to clarify this alternative mode; however, a clear understanding of the growth rates of types I and II modes is crucial to the ultimate understanding of how the dominant mode changes with half-angle. In this paper, we demonstrate that the maximum growth rate for types I and II modes decreases with reduced half-angle, which clears the way for the dominance of the alternative instability mode. Furthermore, it is suggested that vortices travelling at 75% of the cone surface speed will be selected over smooth, clean rotating cones with half-angle such that the type I mode is dominant. Interestingly, this vortex speed has been experimentally observed by Kobayashi and Arai within the rotating-sphere boundary layer.
Introduction
Due to the similarity between the steady-flow velocity profiles of the rotating-disk boundarylayer flow and that over the swept wing, the rotating disk has long been used as a model for swept-wing flow (see Gregory et al 1955 , Reshotko 1994 , Saric et al 2003 . For this reason research into the stability of rotating three-dimensional (3D) boundary-layer flows has been focused on the disk; very little had been published on the boundary-layer flows over rotating spheres and cones prior to Garrett and Peake (2002) . However, continuing developments in spinning projectiles, aerofoils, aeroengines and other industrial applications have led to the need to understand the onset of laminar-turbulent transition of the boundarylayer flows over rotating spheres and cones as objects in their own right. Although numerous flow-visualization studies led by Kobayashi and Kohama have been published (see Kobayashi and Arai 1990 , Kobayashi and Izumi 1983 , Kohama 1985 for example), a complete theoretical understanding of these boundary layers is still a long way off.
In this paper, we focus on the boundary-layer flows over the family of rotating cones. Rotating cones are used as nose cones in aeroengine and spinning projectile applications. Here laminar-turbulent transition within the boundary-layer flow over the nose cones can lead to significant increases in drag. For aeroengine applications this has negative implications for the fuel efficiency through increased noise and energy dissipation, and for projectile applications this has negative implications for control and accurate targeting. Understanding the stability of such boundary-layer flows and developing strategies to maintain laminar flow will lead to modifications in the design of these applications and enable significant cost savings.
Experimental observations have noted a distinction between the transition region on slender and non-slender cones. For example, the experimental study of Kobayashi and Izumi (1983) for cones with slender half-angles as low as ψ = 15
• rotating in still fluid shows the existence of pairs of counter-rotating Görtler-type vortices. These arise from a dynamic instability induced by the centrifugal force of the flow field. However, as the halfangle is increased beyond ψ = 30
• , the results clearly show that the vortices change from pairs of counter-rotating vortices to co-rotating crossflow vortices. It is well known that the vortices observed on the rotating disk (ψ = 90
• ) are in fact co-rotating vortices attributed to an underlying crossflow instability that is based on an unstable inflection point in the crossflow component of the flow field. The observed instability for slender cones therefore stems from an inherently different process to that governing the crossflow instability for broad cones and disks. Indeed, Garrett et al (2009a) hypothesize the existence of a viscous-mode dominated structure for slender cones which leads to the onset of a centrifugal instability that is more dangerous than the convectively unstable types I and II modes.
Further evidence for different transition characteristics of slender and non-slender rotating cones is obtained from the recent experimental measurements for the onset of turbulence by Nickels (personal communication, 2007) . The theoretical prediction for the onset of absolute instability due to Garrett and Peake (2007a) is independent of half-angle and occurs at local Reynolds number R ≈ 2.5 × 10 5 . Figure 1 shows Nickels' results and we see that the onset of turbulence for the non-slender cone (ψ = 60
• ) is in good agreement with the predicted onset of absolute instability and is independent of rotation rate. Although the appearance of absolute instability is known to be a consequence of the parallel-flow assumption used in the local stability analyses (see Davies and Carpenter 2003 , Garrett and Peake 2007b , Itoh 2001a , 2001b , it is clear that the sharp transition to turbulence in these cases is due to a related physical phenomenon (see Pier 2003, for example) . However, the onset of turbulence over slender cones (ψ = 30
• and 15
• ) is well in advance of the predicted onset of absolute instability and dependent on the rotation rate. Furthermore, Nickels notes different behaviour in the turbulent intensity through transition in the case of the most slender cone. These observations suggest that a significantly different transition mechanism is at work in the slender cone case. This could be due to the growth of a centrifugal mode leading to nonlinear effects triggering the onset of turbulence; this warrants further study and work is underway in this direction. This paper focuses on the growth rates of the types I and II modes that are known to determine the convective-instability characteristics of the boundary-layer flow, at least for rotating cones with broad half-angles. An investigation into the hypothesized centrifugal mode is underway and will be published at a later date. The type I mode is due to the wellknown crossflow instability (see for example, Garrett et al 2009a , 2009b , Lingwood 1995 , Malik 1986 and references contained therein). The type II mode is attributed to external streamline curvature and has been studied (theoretically and experimentally) by Itoh and coworkers in general 3D-boundary layers (see Itoh 1994 , 1996 , Takagi et al 2006 . However, an understanding of how the maximum growth rates of the types I and II modes change with reduced half-angle will be crucial in determining the dominant mode at each particular halfangle, and this is presented in section 3. Similar methods to those used here have been applied to the rotating-disk boundary layer in Garrett (2009) with a view to understanding the vortexspeed selection process in applications where smooth, clean disks are used and non-stationary vortices are known to exist (see the observations of Corke and Knasiak (1998) , Othman and Corke (2006) , for example). With this in mind, section 4 considers the theoretical vortex-speed selection over the family of rotating cones.
Formulation
The formulation used is identical to that presented in Garrett et al (2009a) , but is summarized here for completeness. We consider a fixed frame of reference in which a rigid cone of halfangle ψ rotates. The fixed orthogonal curvilinear coordinate system (x * , θ, z * ) is used which represents streamwise, azimuthal and surface-normal variation, respectively. The local crosssectional radius of the cone is given by r * (where * denotes a dimensional quantity). Using this frame of reference necessarily eliminates the appearance of Coriolis terms in the governing equations and is also key to the formulation of the travelling-mode investigation presented in section 4.
The stability analysis is conducted at local points along the cone surface x * = x * L , where the local surface radius is r * L = x * L sin ψ. The non-dimensionalizing length, velocity, pressure and timescales are δ * , r * L * , ρ * r * L 2 * 2 and δ * / r * L respectively, which lead to the local Reynolds number
The steady velocities are non-dimensionalized using the local surface velocity, x sin ψ, as
where U, V and W are the non-dimensional velocities in the x -, θ-and z -directions, respectively, and η = z /δ is the non-dimensional distance from the cone surface in the normal direction. Note that η is scaled on the boundary-layer thickness δ = (ν / ) 1/2 . The resulting steady-flow equations are
where a prime denotes differentiation with respect to η. The non-dimensional boundary conditions are
representing the no-slip condition on the cone surface and the quiescent fluid condition away from the cone, respectively. It is clear that equations (1)- (4) are modified versions of the von Kármán (1921) ordinary differential equations that govern the steady-mean flow within the rotating-disk boundary layer.
The system of equations is solved numerically for each ψ using a fourth-order Runge-Kutta integrator with a Newton-Raphson searching routine. Figure 2 shows the three components of the steady-mean flow for a range of ψ. We note that the flow along the cone surface is inflectional in each case, and the formulation is such that the U-and V-components do not change significantly with ψ.
In order to derive the disturbance equations we consider the instantaneous nondimensional flow quantities to be given by the steady-flow quantities with the addition of small unsteady perturbations of normal-mode form:
The wavenumber in the x-direction, α = α r + iα i , is complex as required by the spatial analysis presented here. The quantity −α i is later referred to as the spatial growth rate, and we note that this is independent of the cone half-angle, which facilitates simple comparisons of the growth rates later on. The frequency, γ , and circumferential wavenumber, β, are real. It is assumed that β is O(1). The integer number of complete cycles of the disturbance round the azimuth is n = β R L , and we identify this with the number of spiral vortices. We also note that the disturbance phase velocity in the azimuthal direction is c = γ /β; we identify this as the speed at which the vortices rotate with respect to the cone surface. This formulation is equivalent to the related analyses presented in Garrett et al (2009a) and Garrett (2009) .
The non-dimensional continuity and Navier-Stokes equations are linearized with respect to the perturbation quantities and the parallel-flow approximation is made where we ignore variation in R L with local surface radius and assume that η/r L 1. The resulting stability equations are then strictly local, with location R L = r L appearing as a parameter. The As in Garrett et al (2009a) , the perturbation quantities may be written as a set of six firstorder ordinary differential equations using transformed variables. The governing equations are identical to those stated as equations (4.2)-(4.7) in that paper and reduce to those stated by Lingwood (1995) when ψ = 90
• (with the exception of the Coriolis terms that arise due to her rotating frame of reference).
In all that follows the eigenvalue problem defined by the governing equations for a particular ψ will be solved for certain combinations of α, β and γ at each Reynolds number. From these we form the dispersion relation, D(α, β, γ ; R L , ψ) = 0, with the aim of studying the occurrence of convective instabilities. The spatial branches are calculated using a double-precision fixed-step-size, fourth-order Runge-Kutta integrator with Gram-Schmidt orthonormalization and a Newton-Raphson linear search procedure, based on a numerical code originally developed by Lingwood (personal communication, 1999) and discussed by Garrett (2002) .
Linear growth rates of stationary modes
In practice it is known that roughness elements occurring on the rotating-cone surface act to select stationary vortices, and we begin by explicitly assuming this. In particular, we solve 
with the constraint that c = 1 using the pseudo-algorithm labelled as method 2 in Garrett (2009) . This method involves solving D for α whilst marching through values of β at a particular set of R L , c and ψ. Physically this can be interpreted as sampling the stability (as determined by the spatial growth rate) of a range of disturbance waves at a particular location. Figure 3 plots the spatial branches of the type I mode through the convectively unstable region at various ψ in order to visualize the growth rates. Lingwood (1995) and Garrett and Peake (2007a) have shown that the family of rotating-cone boundary layers is absolutely unstable at particular R L = R L,A , and beyond this the flow is known to become turbulent (at least for broad cones, see Nickels' results in section 1). For this reason it is necessary to consider the convective growth rates through the convectively unstable region only. Table 1 gives the critical Reynolds numbers for the onset of convective instability, R L,C , and absolute instability at each ψ taken from the literature. Note that in figure 3 , R D = R L − R L,C is the distance from the onset of convective instability due to the type I mode. As indicated in figure 5 , the type II growth rates are very small in comparison to the type I mode for stationary disturbances and, for clarity of presentation, these are not included in figure 3 .
Note that the neutral curves for c = 1 appear in the (R L , α r )-plane of each plot in figure 3. These are based on identical data to those presented in Garrett et al (2009a) , where the neutral curves are verified using high-R L asymptotic methods at each ψ. We see two characteristic lobes: an upper lobe due to the type I mode and a lower lobe due to the type II mode. Figure 3 clearly demonstrates that the growth rates of the type I mode decrease with halfangle for the stationary disturbances that are likely to be relevant in physical applications. Although the critical Reynolds number for the onset of the type I mode decreases with halfangle (indicating a destabilizing tendency), the fact that the growth rates are significantly reduced is interpreted as a stabilizing effect on the type I mode.
Travelling modes
Disturbance speeds have been considered in the range c = 0.5-20 for each ψ and neutral curves computed as in section 3. Figure 4 shows the neutral curves for ψ = 70
• in terms of
√ sin ψ and = arctan (β sin ψ/α r ) for c = 0.8, 1, 5 and 20. Note that k δ and are the modified wavenumber and wave angle of the vortices respectively, and although the introduction of the factors of sin ψ appears arbitrary here, it arises from the formulation of the asymptotic study of Garrett et al (2009a) and enables comparison with those results. Note that n and are observable quantities in experiments which motivates their use here. Recall that c = 0.8 corresponds to disturbances travelling at 80% of the disk surface speed, and c = 5 and 20 correspond to disturbances travelling at speeds much greater than the disk surface.
For each ψ we find that the type I mode is the most dangerous (in the sense of lowest R L,C ) for stationary disturbances (c = 1), which is consistent with the results presented in Garrett (2002) . In addition, we find that the lobe arising from the type II mode is sensitive to the disturbance speed. In particular, the type II lobe is quickly eliminated for c < 1 and exaggerated for c > 1. For increasingly large values of c the type II lobe appears to be limiting to a particular shape in terms of α r and k δ , whilst the type I lobe remains dependent on the value of c.
The result that quickly travelling type II modes are the most dangerous (in the sense of lowest critical R L ) is consistent with the previous theoretical results of Balakumar and Malik (1991), Faller (1991) , Turkyilmazoglu and Gajjar (1998) and Garrett (2009) for the rotating disk. However, it is important to note that the range of wave angles and vortex numbers predicted to be unstable to quickly travelling modes is extremely narrow. In a sense this is a stabilizing effect because only a very narrow range of vortex parameters can be selected.
We therefore appear to have two competing factors in the vortex-speed selection process: the critical Reynolds numbers for the onset of the type II mode reduce with increased c, but the range of parameter values that the corresponding vortices can exist at becomes increasingly narrow, thereby prohibiting selection. In order to further clarify the process, we consider the linear growth rates for travelling modes through the region of convective instability. The results of this are given in figure 5 where plots of the spatial branches at different values of c are presented in order to visualize the growth rates of both modes. We see that the growth rates within the type II lobe increase relative to the type I mode as c increases. However, more importantly, we note that the globally maximum growth rates are for the type I mode, and these peak between c = 0.7 and 0.8. Figure 6 demonstrates that the growth rate is maximized for c = 0.75. It is interesting to note that this is entirely consistent with the results of Garrett (2009) , where a similar analysis is presented for the rotating disk and travelling modes of type I with c = 0.75 are found to be the most amplified. Indeed, further investigation of a range of half-angles as low as ψ = 20
• shows identical behaviour at all half-angles (although the growth rates decrease with decreasing ψ). It is therefore most likely that c = 0.75 is the preferred vortex speed over rotating cones where the type I mode is dominant (i.e. broad cones) and roughness elements are not present, enabling the existence of travelling modes.
Note that in producing plots of the spatial growth rates shown in figures 3 and 5, it is only possible to consider the convective instability over a finite distance in R L before the region of absolute instability is entered at R L,A , given in table 1. This is a consequence of the parallel-flow approximation used in this analysis. Although we are able to consider the convective instability beyond R L,A by avoiding parameters within the region of absolute instability, eventually the position of maximum growth rate coincides with the location of a pinch point. At this point the characteristic branch exchange between the types I and III branches occurs and the maximum spatial growth rate in the convective sense is undefined. This was demonstrated for ψ = 90
• in figure 6 of Garrett (2009) where the spatial branches for c = 1 are seen at various Reynolds numbers as a particular pinch point with γ = β is approached. Absolute instability is a spatio-temporal instability and so the region of absolute instability contained within the region of convective instability is irrespective of c. How far the convective instability analysis for maximum growth rates can be extended for each c and ψ is determined by the occurrence of a pinch point in the absolutely unstable region with γ = cβ.
Conclusion
In this paper, we have conducted a theoretical investigation into the linear growth rates of types I and II modes within the family of rotating-cone boundary layers. In practical applications where roughness elements exist on the cone surface, stationary disturbances are known to occur which lead to spiral vortices rotating with the body surface. For broad cones (ψ > 30
• ) these vortices are known to be co-rotating, which is characteristic of crossflowinstability (type I) modes; for slender cones experimental observations have shown pairs of counter-rotating vortices characteristic of a centrifugal instability. Garrett et al hypothesized the existence of a centrifugal-instability mode that dominates over slender cones, and work in this direction continues. In this paper, we have shown that the stationary type I mode becomes less amplified with decreasing half-angle, which effectively clears the way for an alternative mode to dominate below a particular ψ. Although experiments suggest a critical half-angle of around 30
• , a theoretical predication of this value can only be made once the growth rates of the hypothesized centrifugal mode have been considered against the results of this paper.
In situations where highly polished smooth cones are used, it is expected that travelling disturbances will exist that result in non-stationary vortices. By formulating the problem in a fixed frame of reference it has been possible to investigate the vortex-speed selection process by considering the globally maximum linear growth rates. The result that the type I mode travelling at c = 0.75 is the most amplified for all ψ is consistent with the related analysis of the rotating disk (ψ = 90
• ) due to Garrett (2009) , and we conclude that such slow vortices will be selected in all cones where the type I mode is dominant (i.e. not slender cones). The vortexspeed selection process over slender cones will be considered with regards to the hypothesized centrifugal mode at a later date.
The formulation of the problem in the stationary frame of reference enables the vortex speed to be fixed throughout the region of convective instability. Existing analyses of travelling modes within the rotating-disk boundary layer use the rotating frame of reference and consider travelling modes by setting γ = 0 (see Balakumar and Malik 1991 , Faller 1991 , Turkyilmazoglu and Gajjar 1998 . This method does not constrain β and so the phase velocity is not fixed through the region of convective instability. It is therefore impossible to interpret these results in terms of particular vortex speeds.
As reported in Garrett (2009) , it is known that the transition characteristics of the rotatingsphere boundary layer are similar to that for the rotating disk and cone (as discussed in Garrett (2002) and Peake (2002, 2004) ). It is therefore interesting to note the experimental observation of Kobayashi and Arai (1990) of vortices that rotate at 76% of the sphere surface speed in certain conditions. Although this was first discussed in Garrett and Peake (2002) , it is now suggested that the occurrence of these vortices could be linked to the arguments presented here for the family of rotating cones. This is an interesting area for further study. Further experiments in the sense of Kobayashi and Aria are required to confirm the hypothesis of this investigation over a family of smooth rotating cones.
It is acknowledged that an approximation similar to the parallel-flow approximation was made in the derivation of the governing equations in section 2. This approximation is found in many other boundary-layer investigations and means that the perturbation equations solved here are not rigorous at O(1/R L ). Although it is clear that the approximation will lead to inaccuracies in the predicted critical Reynolds numbers, it is the author's opinion that these will be small and will not affect the conclusions of this work. The excellent agreement obtained between the numerical and high-R L asymptotic investigations at all half-angles in Garrett et al (2009a) shows that the effects of the approximation are negligible at high Reynolds number.
